Induced Chern— Simons-like action in Lorentz-violating massless QED 
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In the present work, we study different aspects of Lorentz and CPT symmetry violation in ex- 
tended massless QED. By following the observation that the 2+1 dimensional Maxwell-Chern- 
Simons theory can be originated from the 3+1 dimensional Chern-Simons-like action, we also focus 
on the fermion sector to relate the 3+1 dimensional extended massless QED to 2+1 dimensional 
massive QED. We take advantage of this to state that the Chern-Simons-like action in extended 
massless QED can be induced with its coefficient being well defined and finite just as its 2+1 coun- 
terpart. We make use of three different regularization schemes by inducting the Chern-Simons-like 
in 3+1 dimensions to support the conjecture. 
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I. INTRODUCTION 

The main goal of this investigation is to revisit the 
question posed by the ambiguity problem of the Chern- 
Simons-like action induced by radiative corrections in the 
photon sector of the Lorentz-violating extended Stan- 
dard Model Several theoretical investigations have 
pointed out the possibility of the Lorentz and CPT sym- 
metries being violated in natur e SI , |^, 0, |^, 0, H, 
i, 0, [H [il M, Q M, M, These symmetries 

would then be approximately realized. A great body 
of phenomenological results was obtained by realizing 
that this violation can indeed be generated in the pho- 
ton sector of QED by adding the Chern-Simons-like ac- 



tion 



— ^k^e'^"^'^ Fa/sAj, with fc^ being a constant 



quadrivector characterizing a preferred direction of the 
space-time. As one knows, this extended electromag- 
netism does not break the gauge symmetry of the action 
and equations of motion but it does modify the disper- 
sion relations for different polarization of photons. The 
Chern-Simons-like action is known to have some impor- 
tant implications, such as birefringence of light in the 
vacuum Q. Many interesting investigations in the con- 
text of Lorentz-CPT violation have appeared recently 
in the literature. For instance, several issues were ad- 
dressed, such as Cerenkov-type mechanism called "vac- 
uum Cerenkov radiation" to test the Lorentz symmetry 
p^ . changing of gravitational redshifts for differently 
polarized Maxwell-Chern-Simons photons [l§] , evidence 
for the Lorentz-CPT violation from the measurement of 
CMB polarization supersymmetric extensions [2l| . 
breaking of the Lorentz group down to the little group 
associated with fcj, and magnetic monopoles inducing 
electric current |23j . 

A possible modification in the fermionic sector is 
to consider the CPT-odd term ippj^ip with a constant 



quadrivector introducing CPT symmetry breaking. 
This modification brings one of the most interesting and 
controversial results regarding the dynamical origin of the 
parameter present in the Lorentz and CPT symmetry 
breaking obtained when we integrate over the fermion 
fields in the modified Dirac action. The result is the 
induction of the Chern-Simons-like action via radiative 
corrections which may lead to a relation between /c^ and 
b^, such that the last is given as an input in the theory. 

The induction of the Chern-Simons-like action, Cos, is 
an important result in the study of the Lorentz symmetry 
violation P, |3j 111- This term, naturally emerges as a 
perturbative correction in the theory suggested in [1)] as 
a possible extension of QED by an axial-vector term 



(1) 



By carrying out the integration over fermions it is possi- 
ble to obtain a relation between the coefficients and 
b^ in terms of loop integrals as fc^ = Cb^ with some of 
them being possibly divergent. Therefore since one has 
to implement a proper regularization to calculate these 
integrals, the constant C relating the coefficients turns 
out to be dependent on the regularization scheme used 
(2l| . The ambiguity of the results, manifested in the 
dependence on the regularization scheme, has been in- 
tensively discussed in the literature. Several studies have 
shown that C can be found to be finite but undeter- 
mined [H Hi, m mHil. Astrophysical observations 
impose very stringent experimental bounds on fc^ sug- 
gesting that it should vanish. Since the coefficient k^ 
of the radiatively induced Chern-Simons-like action de- 
pends on 6^ it is natural to expect that the constant fe^ 
can also suffer an experimental bound in this framework. 
However, if ambiguities are present there is no way to 
know for sure to what extent the experimental bounds 
would constrain the constant b^, simply because C is un- 
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determined. In other words, we cannot define the fate of 
the constant that is responsible for the Lorentz and CPT 
violation in the fermion sector by simply measuring A:^. 
In the following we are going to reduce the well studied 
Lagrangian ^ to the massless case in attempting to shed 
some light on the issue of inducing the Chern-Simons-like 
action with no ambiguities. 

The paper is organized as follows. In Sec. |TT1 we show 
how to relate the 3+1 dimensional extended massless 
QED to 2+1 dimensional massive QED. We also com- 
ment on the relation between the induced 3+1 dimen- 
sional Chern-Simons-like term and its counterpart in 
2+1 dimensions. In Sec. IIIIl we show how to induce the 
Chern-Simons-like term in an extended massless QED. 
In Sec. IIV| we make use of the dimensional regularization 
and the momentum cut-off regularization. In Sec. |Vl we 
consider the induction of the Chern-Simons-like term at 
finite temperature. In this section, we use the limit of 
zero temperature as our third regularization scheme. Fi- 
nally, in Sec. IVII we present our ending comments. 



II. 3 + 1 LORENTZ VIOLATION AS THE 
ORIGIN OF 2 + 1 FERMIONIC MASS 

In this section we shall point an interesting motivation 
to study the 3+1 dimensional massless QED. The ap- 
proach we intend to take in the following is based on the 
well known fact that in 2 + 1 QED the massive fermionic 
degrees of freedom gives rise to the CS term without any 
ambiguity in its coefhcient. It is useful to review this 
argument here. The physical origin of this phenomenon 
is the fact that the fermionic mass in 2 + 1 dimensions 
is just a spin density, that is, massive fermions have def- 
inite spin in this dimensionality with a fixed orientation 
given by the sign of the mass term. As result P and T 
symmetries are broken. So, for instance, if we are inter- 
ested in a scale well bellow that defined by the fermionic 
mass, fermions will only contribute through their quan- 
tum fluctuations disturbing the electromagnetic propa- 
gation. The resulting effective theory must convey the 
information of the P and T discrete symmetry breaking 
and hence the induction of the CS term. This term does 
not depend on the absolute value of the fermionic mass, 
only on its sign, while all the other corrections are atten- 
uated by the mass which makes the resulting Maxwell- 
Chern-Simons (MCS) a suitable effective field theory for 
QED with very massive fermions. 

What is important for the present work is to observe 
that the MCS theory can be viewed as the dimension- 
ally projected theory [s^ of the CPT-odd CarroU-Field- 
Jackiw model, which is just the Maxwell theory aug- 
mented by the CPT-odd term discussed previously. This 
simple observation prompt us to search for a system in 
3 + 1 dimensions having 2 + 1 dimensional QED as its 
dimensional reduction. An immediate point to call up to 
attention is that the P and T symmetry breaking mass 
in 2 + 1 dimensions bears no relation to the 3 + 1 dimen- 



sional fermionic mass. In fact it is easily seen that the 

2 + 1 dimensional fermionic mass term is related to the 
axial-vector term ipfrf^il) in 3 + 1 dimensions. Choosing 
the as a space-like vector and in the 3-direction with 

— m and working in the chiral representation for the 
gamma matrices 

a^-(l,^); a^ = (l,-7?) (2) 

we obtain 

miTpLlpL + ^Ri^R) (3) 

were ip^ and V'fl are the left and right two-component 
spinor fields, respectively. This result is intuitively clear 
if we realize that the P and T symmetry breaking gener- 
ated by the fermionic mass term in 2 + 1 is just the di- 
mensional reduction of the Lorentz symmetry breaking in 

3 + 1 dimensions. The Lorentz violating vector breaks the 
Lorentz symmetry in 3 + 1 dimensions because it defines 
a preferred direction and a orientation. Upon fixing its 
direction and projecting the theory on the corresponding 
orthogonal plane there remains the preferred orientation 
encapsulated in the sign of m in ([3]) which is the source 
of the P and T symmetry breaking in 2 + 1 dimensions. 

The Dirac equation that follows from ([I]), 

{i^ -M - 1^75 - e4)i/^ = , (4) 

can be decomposed in its chiral components as 

(id^a^ - ea^^ - a^'b^)^R - M^l = (5) 
{ia^'d^ - ea^'A^, + 5^5^)?/.^ - = 0. (6) 

For M these equations decouple as is well known 
since chiral symmetry is restored. A 'natural' setup 
considers a dynamical dimensional reduction mechanism 
via domain wall background. In this point of view 
M = TO + TOtanh(^) outside {x^ ±00) the 
two-dimensional domain wall with thickness A, whereas 
M = TO inside the domain wall at ~ 0. Thus, the 
3+1 theory outside the domain wall has chiral symme- 
try but breaks Lorentz and CPT symmetry, while in the 
2+1 theory inside the domain wall the Lorentz and CPT 
symmetry is restored but the chiral symmetry is broken. 
Similarly, in this mechanism the induced 3+1 Chern- 
Simons-like term outside the domain wall is expected to 
match the induced and determined Cherns-Simons term 
in 2+1 dimensions inside the domain wall, since the lat- 
ter can be brought from the former by just decomposing 
the 3+1 dimensional fields into 2+1 dimensional fields, 
i.e.. At" -> (A'', if), (fc",-/c3), a = 0,1,2, such 

as C'^g = ^k3e°'''°FabAc, up to scalar-vector field cou- 
pling. Thus, according to this match, one expects that 
at least one component of the Chern-Simons-like term in 
3+1 dimensions should be finite and determined. What 
is interesting though is that by further projecting into 
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the plane a;^ = and again working with a space hke 
6^-vector in the 3-direction with 63 = to — see Fig. [T] — 
the first equation in say, will read 



(7) 



where cj) = A3, a = 0,1,2 and dstp = (there is no 
transversal momentum p^). By choosing an appropriate 
representation for the Dirac matrices in 2 + 1 this equa- 
tion may be shown to follow from the 2 + 1 action 



(fixipji{i(^ — — e(j> — m)ipii. 



(8) 



As already discussed, the action ([8]) is known to induce a 
finite and well determined Chern-Simons action in 2 + 1. 
Then, as we anticipate by using a domain wall back- 
ground point of view, it is reasonable to expect that the 
proper fermionic action in 3 + 1 that will induce the CPT- 
odd term without ambiguity is given by ([T]) with M — 0, 
i.e., an extended massless QED. This is precisely what 
happens, at least for the three different regularization 
schemes used, as we shall show in the following sections. 




FIG. 1: The space like fe^-vector in the third direction. The 
2+1 dimensional action for the massive QED and Chern- 
Simons term is on the plane. 



III. THE INDUCED CHERN-SIMONS ACTION 
IN AN EXTENDED MASSLESS QED 

Let us introduce an extension of the usual Lagrangian 
density in the absence of mass term [l3, [IE as follows 



(9) 



The one loop effective action Sef / [b, A] of the gauge field 
Af^ in this theory can be expressed in the form of the 
following functional trace 



Seff [b, A] = Tr In y> - p-f5 - ^ 



(10) 



Notice that this point is delicate by the fact that the 
trace symbol-Tr stands for the trace over Dirac matri- 
ces, trace over internal space, as well as for the integra- 
tion in momentum and coordinate spaces. Hence, in this 
present case the Ea. ([TO)) cannot be directly calculated 
and written as Seff = J d^xC since the electromagnetic 
field- is coordinate dependent and, therefore, does not 
commute with functions of momentum. In fact, it is not 



an easy task to separate out the momentum and space 
dependent quantities, and carry out the integrations in 
respective spaces. To solve this problem, we will use the 
method of derivative expansion ^32*1 (see also ^2^), and 
proceed as in the following. This functional trace can be 
represented as 



Seff[b,A]^Seff[b] + S^ff[b,A], 



(11) 



where the first term is Seff[b] — — iTrln y) — pj5], which 
does not depend on the gauge field, and the only nontriv- 
ial dynamics is governed by the second term S'^'j^ [b, A] , 
which is given by the following power series 



00 

S:,,[b,A]^^TrJ2- 



(12) 



To obtain the Chern-Simons-like action we should ex- 
pand this expression up to the second order in the gauge 
field 



S:ff[b,A]^si%[b,A] 



(13) 



The ellipsis in (|T3|l stands for the terms of higher orders 
in the gauge field. Here 



A] = -'4-TT[Sb{p) 4 Ship) 4] , 



(14) 



where Sb{p) is the ^''-dependent propagator of the theory 
defined as 



Ship) 



Now, we can use the identity 

A^{x)Sb{p) = Si,{p-id)A^{x), 



(15) 



(16) 



with its respective expansion of operators given in the 
form 

Sb{p - id) = Sb{p) + Sb{p)^Sb{p) + ■■■ (17) 
Substituting this back into the expression (jl4[) , we obtain 

Si%[b,A] = J d^xn^^'-dxA.Au, (18) 
with the one loop self-energy tensor being given by 



2 



(2^ 



tr[St{p)rSb{ph^St{p)r] ,(19) 



where tr, means that the trace just acts over the gamma 
matrices. After some algebraic manipulations, we can 
rewrite the above propagator as 



where 



Sb{p) = WiPl + W2PR, 

Pr,L — 7i ' 



(20) 
(21) 
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and 



A. Dimensional regularization 



(p2 _ 52)5 



(p2 „ 52)5 



Therefore, the expression to the self-energy tensor in (fT9|) 
can be also written in the form 



n 



(27r)4 



(23) 



with 



r^^-(p) = tr[mPfl7^W'iPi?7^M^i^i?7" + WiPr x 

7''W^iPi?7^W^2PL7" + M^iPfl7''W'2PL7^W^iPfl7" + 
WlPR^^'W2PLl^W2PLY + W2Pl7^W'2Pl7^W^2 X 
Pli" + T4^2Pl7''W^2Pl7^VFiPh7" + W^2Pl7''1^i x 
Ph7^W^2Pl7'' + W2PL7''^^iPii7^W^iPfl7l ■ (24) 

Thus, taking into account the fact that {75, 7'^} = and 
(75)^ = 1 and applying the following relation for trace 
tr(7^7^7'^7''75) = Aie^^'^P, we can write down the simple 
expression for self-energy tensor XI^"^: 



J (2^)4 (p2 _ 52)4 

fop ((p + 6)4 + (p - 5)4) ((p + 6)4 _ (p _ 5)4) . (25) 
Now, we can write our effective action in the form 

si%[b,A] = i y d42;eV-Pfc^FA^A„ (26) 

where the fc^-parameter can be expressed in the form 
2 f d^p \{p^-h^)bp-A{b-p)pp , 



f27r) 



(p2 „ 52)3 



Alip^-" + {b-pf)bp~2b\b-p)pp 



(p2 _ 52)4 



(27) 



Note that by power counting, the momentum integral 
in ()27|) involves finite terms and terms with logarithmic 
divergence. 



IV. REGULARIZATION SCHEMES 

In the following we shall follow three different regu- 
larization schemes: i) the dimensional regularization, ii) 
the momentum cut-off regularization and a new one, in) 
the temperature regularization. As our results show, by 
using any of these schemes we got the same result for the 
coefficient of the induced Chern-Simons-like term. This 
implies that in an extended massless QED the induced 
Chern-Simons-like term is finite and determined under 
these regularization schemes. 



In this subsection, we shall first adopt a simpler regu- 
larization scheme such as dimensional regularization |34| 
in order to calculate the divergent integral. By assum- 
ing the usual statements for this case, we change the 
number of dimensions from 4 to D, and we also change 
/ d4p/(27r)4 to (^2)^/2 [ J d^pl{2TT)^] , where a* is an ar- 
bitrary parameter that identifies the mass scale with 
t — A — D. The potential divergences in the momentum 
integration come from the first term of the expression 
([27|) . In order to carry out the calculations, wc use the 
following relations 



P 



1 



zr(e/2) 



(27r)^ (p2 _ rn2)2 (4^)D/2(52)e/2 ' 



and 



iS,, 



T{e/2) 



{27r)D (p2 _ ^2)3 4(47r)^/2 (52)^/2 ' 



(28) 



(29) 



in ([27|l so that the logarithmic divergence disappears. 
The resulting induced Chern-Simons-like coefficient is fi- 
nite and exactly given by the value 

=2 



(30) 



B. Momentum cut-off- A regularization 

To develop calculations via momentum cut-off, we 
consider the expression ((27|) and change the (3-1-1)- 
dimcnsional Minkowski spacctime to a four-dimensional 
Euclidean space by performing the Wick rotation xq — > 
— ixo, po ipo, bo ibo, d^x —id^x and d'^p id^p. 
Thus, we have 



d^P 



2ie^ 
(2^ 

-foo 

dpo 



ip'~b^)bp-Aib-p)pp 



(p2 _ 52)3 
4[ip%^ + ib-p)^)bp-2b^b-p)pp] 



(p2 _ 62)4 



(31) 



For the sake of simplicity, in (I31|) wc shall choose only the 
time-like component of our Lorentz-symmetry violating 
parameter, such that bp — (60, 0), being bo a nonzero 
component. Such a simplification does not affect the 
four-vector coefhcient of the induced Chern-Simons-like 
term. It simplifies our calculations without any loss of 
generality. 

Taking into account the considerations above, we now 
write the expression (j3ip in spherical coordinates as 



kn = - 



le bo 
27r3 



f-ip'o-bl 



dp-f i dpo X 

^ — 00 

Ablf 



■pI 



pI 



(32) 
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The integrals over po are finite and can be directly cal- 
culated. Hence, we have 



5i bo 



2 0,4 



dp 



(p2 _ 52)7/2 ■ 



du 



(u2 - 1)7/2' 



ie"^ bo 1 

87r2 (l_^)7/2' 



(33) 



Therefore, taking the limit A ^ 00, we find (in Euclidean 
coordinates) 



- 2 

le 



(34) 



This result coincides with the coefficient (PU)) , previously 
obtained via dimensional regularization. 



V. CHERN-SIMONS COEFFICIENT INDUCED 
UNDER FINITE TEMPERATURE EFFECTS 

The effect of finite temperature in the context of violat- 
ing Lorentz symmetry has generated interesting studies 
in the literature [2j, |3^, |36j, [sl, In this case, let 

us assume that the system is in the state of the thermal 
equilibrium with a temperature T = 1//3. Therefore, we 
make the following substitutions: po = ujo ~ ("- + 1/2)^ 
and (l/27r) / dpo ^ X^n' where ujq is the Matsubara 
frequency for fermions. Again, we consider the expres- 
sion (|27|) and rewrite it in the framework of the imaginary 
time formalism as 



-2i 



n — — 00" 



d^p lip^ -P)bp-A{b-p)pp 



(2^) 



(p2 _ 52)3 



A[ip%^ + ib-p)^)bp-2b^b-p)pp 



(p2 _ 52)4 



(35) 



We can write the expression (j35j) for the time-like and 
space-like components of the Lorentz-symmetry violation 
parameter 



fco(/3) = 



2i bo 



_(fp_ 
(2^ 



00 

El 

l — ~00 



(w2-f 
2^ 



(u;2+p2-62)3 (^2_^p2 



(36) 



and 



UP) 



n— — 00 



d^p 

(27r)3 
b. 



A{bf-{b-p)'p,) 

(co^+p^-b^r^ {Loi+jp-b^r 



4[{bj + {b-p)')h~2l,f{b-p)pi 



{co'o+p'-bfr 



(37) 



At this point, we can observe that both the 3-momentum 
integrals and the sum over the Matsubara frequencies in 
(f36l) and ([37|) are convergent. This fact is interesting to 
our investigations from two points of view. The first, of 
course, concerns the study of high temperature effects 
on the parameter kp,. The second, and new one, is the 
possibility of understanding the temperature itself as a 
regulator of divergences. It means the inclusion of finite 
temperature in the theory can be also considered as a 
regularization scheme in the limit /? — > 00 (T — > 0). This 
is what we shall discuss just below. 



A. Temperature regularization 
• The time-like component 

To calculate the time- like component, we consider the 
expression (1361) and rewrite it in the following form 



koiP)-- 



i bo 



4a5 



7r)3 ^ V 



(2^) 



Aalblf 



Bl{{n+\Y + alY Bl{{n+\Y + al)- 



(38) 



where ao = BoP/2Tr and Bq = {p^ — 6g) ^ . The series 
in the above expression can be easily summed over the 
Matsubara frequencies [s^ to give 



ko{P) 



ie^bo f d^p 

J 

3Fi(ao)-4F2(ao) AblfF:i{ao) 



{jP-bl) 



, (39) 



where the functions -F'i(ao), ^2(00) and -^3(09) are given 
by 



Fi{ao) 
F2{ao) 



tanh(ao7r) — oott sech^(ao7r) 



3tanh(ao7r) — ao7rsech^(ao7r) x 



and 



^3(00) 



(3 -I- 2ao7r tanh(ao7r)) 



r 2 

— 15 tanh(ao7r) + aoTTsech (cott) x 
48 L 

(6aQ7r2sech^(ao7r) — 12ao7r tanh(ao7r) - 



(40) 



(41) 



(42) 



Let us now consider the limit T — > 0. In this limit ao oc 
/3 — > 00 and the functions above achieve Fi(ao) = f , 
^2(00) = ^ and ^3(00) = f|, as depicted in Fig. Ill 
Now the expression ([M]) can be written as 

-5i bo f d^p b^p^ 



ko = 



(27r)3 / -2 



(43) 
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This integral is manifestly finite and does not require 
any further scheme of regularization. The exact value 
obtained from the expression ((43|) is precisely the same 
result as that found in ([50]) and ([M]) via dimensional 
and momentum cut-off regularization in the absence of 
temperature. 

• The space-like component 

To calculate the space-like component, we proceed just 
as in the earlier case. We consider the expression (|37)) and 
rewrite it in the following form 



HP) 



1— — 00 



A[{bt + {b-p)^)b,-2bj{b-p)p,]al 



(44) 



where ai = Bi(j/2iT and Bi = {p^ — bf) ^ . Here, just as in 
the time-like case, the sum over the Matsubara frequen- 
cies can be directly calculated to give 

„2 , ^3^ 



UP) 



(27r)3 
hFi{a,) , 4[6f 



{b ■ p)pi]F2{ai) 



-ib-p)')b. 



2bl{b-p)pAF^{a, 



.(45) 



The functions Fi{ai), F2{ai) and F^{ai) have the same 
functional form given by the expressions (HO]), (HH) and 
(132) • Now we can use the identity piPj = ^ 6ij in 
to obtain the simpler equation 

-ie'^bi f d^p 



hiP) 



2 J (27r)3 
&f^2(a.) 



Fiia,) - |F2(aO 



By using again the limit T 



+ 



bfFsia.) 



{p'-bir 

0, we have 



-ie bj 



d^p 
(2^ 



p2 







(46) 



(47) 



In this case we also obtain only finite integrals that does 
not require any further scheme of regularization. Thus, 
similarly to what happen with the time- like component, 
the exact value obtained from the expression (|47|) is the 
same as the result found in ([30|) and ([34|) in the absence 
of temperature. 

In summary, we find that the induced Chern-Simons- 
like coefficient that is temperature regularized has the fol- 
lowing time-like and space-like components 



fco 



Stt- 



■bo, h 



87r2 



6„(ao ^ oo or T ^ 0). (48) 



37r 



57r 
16 



FIG. 2: The functions Fi(ao), F2(ao), and F3(ao). At zero 
temperature (/3 oo, ao <x), they tend to distinct values, 
^, and I?-, respectively. 



VI. CONCLUSIONS 

In this paper we have shown that the induced Chcrn- 
Simons-like term in an extended massless QED is finite 
and determined at least in the framework of the three reg- 
ularization schemes we have used: i) the dimensional reg- 
ularization, ii) the momentum cut-off regularization and 
a new one, in) the temperature regularization. A sim- 
ilar observation concerning determined Chern-Simons- 
like term in extended massless QED has also been done 
in the Ref. . We state here that this has to do with the 
fact that one can relate an extended masless QED in 3-1-1 
dimensions with a massive QED in 2-1-1 dimensions where 
the induced Chern-Simons term is finite and determined 
since the theory is finite. By dimensional reduction from 
3-1-1 down to 2-1-1 dimensions, one component of the 3-f 1 
Chern-Simons-like term gives the coefficient of the 2-1-1 
Chern-Simons term. Since this term comes from a finite 
theory, it should be a finite and determined term. This 
automatically implies that at least one component of the 
four- vector coefficient fc^ of the 3-1-1 Chern-Simons-like 
term, i.e. the 2-1-1 Chern-Simons counterpart, is also fi- 
nite and determined. Although this fact may guarantee 
that only one component is well determined, in our ex- 
plicit calculations, in order to induce the Chern-Simons- 
like term, we have found that all components are finite 
and well determined. 
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